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Video stimulated interviews were used to explore the creative construction of new knowledge undertaken by a Year 8 student (Kerri). She linked algebraic and graphical representations of linear function through spontaneous cognitive activity. Later research showed she did not possess a deep understanding of variable at that stage. This raises questions about: What cognitive artefacts Kerri assembled to connect graphical, numerical, and algebraic representations of linear function and how did she achieve this without a deep understanding of variable? The RBC Model was adapted to examine spontaneous abstracting and the SOLO Taxonomy was found useful in examining what was not known as a result of spontaneous abstracting. These findings have implications for teaching and teacher education. They suggest caution in assuming students possess mathematical structures that underpin the understanding of expert mathematicians just because they display insights about one aspect of a mathematical topic. 

Connecting representations and moving flexibly backwards and forwards between them has been identified as necessary for building conceptual understanding of linear function. This study shows this may not be sufficient to assume deep understanding.

Theoretical Perspectives

Synthesis of the cognitive elements of Dreyfus, Hershkowitz, and Schwarz’s RBC Model (recognizing, building-with and constructing) and Krutetskii’s (1976) ‘mental activities’ frames this exploration of novel constructing undertaken by a Year 8 student Kerri who explored linear functions. Data from lesson video, and a video stimulated student interview illuminated the idiosyncratic nature of the constructing process that led to insight even though cognitive artefacts associated with understanding variable were not possessed. This study informs teaching and research by raising questions about what can and cannot be assumed when students construct new knowledge. Theory on the process of spontaneous abstracting (Williams, 2005, 2007) and the meaning of deep understanding of linear function (Schoenfeld, Smith, & Arcavi, 1993) is presented. 

Spontaneous Abstracting

The process of abstracting new mathematical knowledge is viewed through the lens of spontaneous abstracting which is a subset of the RBC Model (Dreyfus, Hershkowitz, & Schwarz, 2001) which is empirically grounded and informed by theory. RBC represents three ‘observable cognitive elements’ identified in the dialectic discussions of students constructing new knowledge in clinical interviews. These elements (‘recognizing’ R, ‘building-with’ B, and ‘constructing’ C) include the processes of identifying mathematics within contexts (R), identifying contexts appropriate for previously abstracted mathematical entities (R), using previously abstracted mathematical entities in new sequences and or new combinations to solve unfamiliar problems (B), and integrating previously constructed mathematical entities to ‘see’ something mathematically profound (C). Williams (2005) focused on a subset of the RBC Model associated with mathematical thinking arising from questions students spontaneously asked that were idiosyncratically 

pursued through student decisions about the mathematics to use, the pathways to follow, whether the mathematics generated was reasonable, and whether the newly abstracted entity could be used for anything else. 

This spontaneous activity was identified by subcategorizing the social elements of the process of abstracting developed by Dreyfus, Hershkowitz, and Schwarz (2001): control, elaboration, explanation, query, agreement, and attention. Activity was considered spontaneous where the student controlled the direction taken, elaborated the mathematical ideas they considered, explained their findings to themselves or others, asked themselves questions about what they had found, and decided whether the mathematics generated was reasonable. In other words, the sources of the first five social elements listed were internal during spontaneous abstracting. Sources of the social element ‘attention’ are not as clearly distinguishable during spontaneous mathematical activity. It would appear that attention can arise from an internal source or an external source as long as attention from an external source is not accompanied by any of the other five social elements (Williams, 2005). Illustrations later in this paper elaborate these processes.

Deep Understanding of Linear Function

Schoenfeld, Smith, and Arcavi (1993) identified relationships between aspects of linear function that were possessed by students with a deep understanding and were missing in a student who performed at a high level on known skills and procedures but was unable to use this knowledge of linear function to solve an unfamiliar mathematical problem. These included:
The link between the manipulations in the algebraic world, in which m is simply calculated by the formula (y2-y1)/(x2-x1) and the graphical world, in which m has graphical entailments. (p. 58) 

and

“(y2 - y1) and (x2 - x1) represent[ed] directed line segments (typically called rise and run respectively). … slope, the ratio of the two, ha[s] deterministic properties in the Cartesian plane. ... [making] a firm connection between the algebraic and graphical worlds of functions”. (p. 95)

In other words, students who possess a deep understanding of linear function understand relationships between algebraic and graphical forms of such functions. They ‘see’ why the algebraic ratio of the rise and the run affects the slope of the graph because they recognize this ratio in both its algebraic and diagrammatic forms.

This study examines why a student who had displayed this type of deep understanding as a result of spontaneous abstracting was able to do so even though she had a limited understanding of differences between constants and variables in linear functions. The SOLO Taxonomy (Biggs & Collis, 1982) was found useful for identifying what Kerri did not know. This taxonomy identifies differences in understanding of function in relation to whether a student attends to one piece of information at a time, simultaneously considers more than one piece of information, or considers the graph as a whole (with the latter as the deeper understanding). The research question asked is: How was it possible for this student to display characteristics associated with a deep understanding of linear function without a deep understanding of the nature of variable? Answering this question should illuminate unfounded assumptions made about the depth of understanding of linear function a student might display. 

Research Design

This study was part of a broader study of autonomous, spontaneous, and creative student activity during mathematics learning in Year 8 classrooms in Australia and the USA. Data was generated as part of the international Learners’ Perspective Study (Clarke, 2006). A mixed-image video was produced in class with the focus students at centre screen, and the teacher as an insert in the corner. In addition to providing evidence of social influences on cognitive processing, this video provided salient stimuli for individual, post-lesson reconstructive student interviews associated with student classroom activity including student thinking. The student operated the video remote to find the parts in the lesson that were important to her, and discussed what was happening, her thinking, and her feelings. 

The Context

Just prior to the start of the research period, the class were taught to find equations of linear graphs by plotting two points, ruling the line between them, drawing a right-angled triangle to measure ‘rise’ and ‘run’ (called a ‘slope triangle’ by the teacher), taking the ratio of these lengths to find the gradient, finding the y-intercept by inspection, and substituting the gradient and y-intercept into the equation y = mx + b. Kerri’s interview reconstruction of the test on this procedure just prior to the research period showed she forgot to bring graph paper so created a novel solution process. After the test, and prior to research period, she undertook a homework exercise to find the equation to a line given the co-ordinates of two points, and to find the length of the line segment between them. The length of line segment formula had not been taught; the teacher expected students to plot, measure lengths, and find y-intercepts by inspection. In class the next day (Lesson 1 of the research period) the teacher demonstrated ‘finding the equation of a line without graphing’ (when two points were given). Kerri had already constructed new knowledge that enabled her to achieve this. 

During her interview, Kerri described her thinking during her test. Her novel method entailed sketching and recognizing that a slope triangle lay between the two points given “cuz you can picture a line in a little right triangle on it”. She used her knowledge of the Cartesian Axes System to find the lengths of the horizontal and vertical sides in this triangle by subtraction even though she had not been taught this procedure. Then she recognized she could substitute x and y and the constant m into the general linear equation y = mx + b to find b. She had not been taught this complex substitution method previously and excitedly described it in her interview (Notation for transcript: Three dots indicate omissions that do not alter the meaning. Square brackets: researcher additions clarifying the context): “If you find the slope and the … difference of the points and … then we can substitute, oh perfect. So I just wrote the equation”. When reflecting on this process in her interview, she commented on the quality of the newly developed process “Actually I thought like- I thought it was kind of a big idea… it wasn’t too big for me”. The next evening, whilst doing her homework (using the teacher’s graphical method), Kerri developed a generalized understanding of the new method she had developed in the test:

I was doing my graph [during homework], and then I like realized like- really solidly, … I got the same answer, … [by measuring, the same as] if you do the subtraction. 

Kerri thought about both methods as she did her homework, and realized each gave the same answer. She realised she could find the gradient by operating on elements of the ordered pairs representing the points on the line without referring to the slope triangle: “I would just be like the difference in y is two, and the difference in x is one.  So that's your slope”. Kerri undertook an additional constructing process during her homework after she had found relationships between operations on elements of ordered pairs, and the rise and the run. She suddenly realized she could combine what she had found with Pythagoras’ Theorem to find the length of a line segment. Further detail of this constructing process is found in Williams (2005, 2007). The next section looks at Kerri’s activity during Lesson 1 which helped to illuminate what she did not yet know.
Results and Analysis

The next day (Lesson 1), Kerri watched the teacher demonstrate how to find the equation to a linear function when two points are given without drawing the graph. As Kerri had previously constructed new knowledge that enabled her to do this, she wondered about other things: “[I wondered] why they use MX plus B when they could have used AB plus C?” This interview comment of Kerri’s suggests she did not distinguish between the nature of X and the nature of M and B in the equation Y=MX+B so wondered why it was not written as Y=AB+C. 

Once the teacher had demonstrated the procedure, she stated “And you can take either point, it will work with either one”. What happened next can be inferred from the lesson video, Kerri’s interview comments, and what is known about Kerri’s tendency to check newly forming ideas. Three minutes later when the students were set practice questions and students in groups were expected to undertake their own work but consult with others as needed, Kerri focused intently on her own work. She leant over her page with her head bent over her workbook as she wrote for approximately thirty seconds before exclaiming softly: “It’s the same X”. In her interview Kerri reflected on the value of what she had found: “I was like oh, well I don't know if it matters but- … It's realization.” 


Discussion and Conclusions

In considering what Kerri meant when she exclaimed, “It’s the same x!” several possibilities can be discarded. She already knew the x in the equation was the same x as in the coordinate of a point because she had substituted the x for the point into the equation when finding the y intercept. She knew the two values of x in her generalization of the numerical manipulation of co-ordinates were the two x-values for the points on the graph because this was how she developed the generalization.  Kerri must have realized something else. What was Kerri doing as she leant over and wrote on her page? As the teacher had just shown that the process of finding the y-intercept could be undertaken using either of the given points, it would appear that Kerri was checking the teacher’ statement was true by substituting the x value for each of the two points. Once she had seen that either of these x values on the line give the same result, it appears she realized that the x in the equation represents any x value on the line; that X is a variable not a constant like the M and B. Realizing that either x value could be substituted into the equation to find b led to the realization that this same x in the equation represented the x value of any point on the line. The nature of variable crystallized. Previous to this lesson Kerri had simultaneously considered:

· Two points

· Two lengths

· Two methods for finding two lengths

· Three pieces of information for the purpose of finding a fourth

· Two representations to generalize her numerical manipulations to algebra.

As discussed in Schoenfeld, Smith, and Arcavi (1993), Kerri’s activity shows she connected representations, moved flexibly back and forward between them, and was aware of how the changes in lengths of the rise and the run affect the slope. But, using these activities to interrogate understanding of linear functions did not reveal that Kerri had not yet developed an understanding of variable. Analysing Kerri’s activity using the SOLO Taxonomy (Structure Of Learning Outcomes; Biggs and Collis, 1982) illuminated what Kerri has not yet constructed. Kerri considered more than a single piece of information in isolation as shown in the above dot-points. She considered interconnected representations by linking the x and y co-ordinates with a length on the graph and generalising the newly found knowledge algebraically. When considering Kerri’s activity through the lens of the SOLO Taxonomy, Kerri’s activity prior to Lesson 1 had not included considering the changing values of x along the line and linking this to the algebraic representation. Insight developed when Kerri realized the variable nature of x in the equation. This study shows Kerri was able to flexibly work with linear functions without understanding the nature of variable because she was focusing on the Cartesian Axes System as a tool to interrogate aspects of the graph rather than considering the graph as a whole.
What do we learn from these findings? When students construct new knowledge that appears to fit with the sophisticated mathematical structures possessed by experts, care needs to be taken in deciding what students have actually constructed. Further research is required to find more cases where students appear to have developed sophisticated understandings but do not possess underpinning knowledge that experts would have expected to accompany such understandings. Through this process we could learn more about gaps in students’ knowledge that may inhibit their future learning and start to find ways to overcome such problems.
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